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Abstract 

On any symplectic manifold of dimension greater than 2, we construct a 
pair of smooth functions, such that on the one hand, the uniform norm of 
their Poisson bracket equals to 1, but on the other hand, this pair cannot be 
reasonably approximated (in the uniform norm) by a pair of Poisson commuting 
smooth functions. This comes in contrast with the dimension 2 case, where by 
a partial case of a result of Zapolsky [Z-2] . an opposite statement holds. 



1 Introduction and results 

During the last ten years, function theory on symplectic manifolds has attracted a 
great deal of attention [H [BEPl ICVl [£^11 [£^21 [EPZl [EPRl TIE^E^- The 
C°-rigidity of the Poisson bracket |EP-2j (cf. [Hj) is one of the achievements of this 
theory, and it states that on a closed symplectic manifold {M,u), the uniform norm 
of the Poisson bracket of a pair of smooth functions on M is a lower semi-continuous 
functional, when we consider the uniform (or the C'^) topology on C°°{M) x C°°{M). 
Informally speaking, this means that one cannot significantly reduce the norm of 
the Poisson bracket of two smooth functions by an arbitrarily small C° perturbation. 
The C°-rigidity of the Poisson bracket holds also when the symplectic manifold (M, u) 
is open, if we restrict to compactly supported smooth functions. In this context it 
is natural to ask, how strongly one should perturb a given pair of smooth functions 
in order to significantly reduce the norm of their Poisson bracket. The following 
question was asked privately by Polterovich in 2009 (later it also appeared in [Z-2j ): 

Question 1.1. Let (M, u) be a closed symplectic manifold. Does there exist a constant 
C > 0, such that for any pair of smooth functions f,g:M^M. satisfying ||{/, g}\\ = 
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1, there exists a pair of smooth functions F,G : M W, such that \\F — f\\,\\G — g\\ ^ 
C and such that {F, G} = on M? 

The 2-dimensional case of this question was answered affirmatively by Zapolsky, 
and in fact, it appeared as a particular case of a more general statement which applies 
to functions on a manifold with a volume form |Z-2] . 

The main result of this note is the following 

Theorem 1.2. Let (M, w) be a symplectic manifold of dimension 2n > 2. Then for 
any 1,6 > 0, there exists a pair of smooth compactly supported functions f,g:M-^M., 
such that 11/11 = ll^fll = /, ||{/, = 1; ai^d such that for any t > we have 



(Here F, G : M — )■ M are smooth compactly supported functions). 

By choosing I, S in Theorem II ■2[ such that < 6 < 1, and such that / is large enough, 
we conclude 

Corollary 1.3. The answer to Question \l.l\ is negative in dimension > 2. 

The proof of Theorem 11.21 relies on a certain computation of the pb^ invariant |BEPj . 

Remark 1.4. In Theorem the function (j)(t) = inf GjH is well 

approximated on the interval [O, |] by a quadratic polynomial. Let us notice that in 
fact, the function ||{/, — (p{t) = 1 — generically has growth rate t^^'^ near 
t = 0. See 13 \EP-3^ for more details. 

Remark 1.5. Question li.il has an analogue in the setting of Hermitian matrices 
equipped with a commutator (see IPS[ iH^)- 

Acknowledgements 

I would like to thank Leonid Polterovich for constant encouragement, interest in this 
work, and useful comments. 



Let us ffist remind the definition of the ^64 invariant, which was initially introduced 
in [BEP] , and which participates in the proof of Theorem 11.21 




2 Proofs 
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Definition 2.1. Let (M, w) be a symplectic manifold. Let Xo,Xi,lo)^i C M be a 
quadruple of compact sets. Then we define 

pb,{Xo,X,,Yo,Y,) = mi\\{F,G}\\, 

where the infimum is taken over the set of all pairs of smooth compactly supported 
functions F,G : M ^ R such that F ^ on Xq, F ^ 1 on Xi, G ^ on Yq, 
and G ^ 1 on Yi. Note that such set of pairs of functions is non-empty whenever 
Xq n Xi = Yq (1 Yi = (I) . If the latter condition is violated, we put 

pb4Xo,Xi,Yo,Yi) = +00. 

The following result was proved in |BEPj (in |BEPj this is Proposition 1.21): 

Proposition 2.2. Let (M, w) be a symplectic surface of area B G (0,+oo]. Consider 
a curvilinear quadrilateral U G M of area A with sides denoted in the cyclic order 
by 01,02,03,04 - that is U is a topological disc bounded by the union of four smooth 
embedded curves 01,02,03, 04 connecting four distinct points in M in the cyclic order 
as listed here and (transversally) intersecting each other only at their common end- 
points. Let L be an exact section ofT*S^. Assume that M ^ S*^ and that 2A ^ B. 
Then in the symplectic manifold M x T*S^ (with the split symplectic form) we have 

pbi{ai X L,a3 X L, 02 x L, 04 x L) = l/A > 0. 

The proof of Proposition \2.2\ which is presented in [BEPj . is divided into two 
parts. The first part proves the inequality pb^^ai x L,a3 x L, 02 x L, 04 x L) ^ l/A 
by providing a concrete example of a pair of functions F, G as in Definition 12. 1[ The 
second part proves the inequality ^64(01 x L^a^x L, 02 x L,a4X L) ^ 1/A, and it 
uses the Gromov's theory of pseudo-holomorphic curves. 

Now we turn to the proofs of our results. 

Lemma 2.3. Consider M^" endowed with the standard symplectic structure ujstd- 
Then given any open set U C M^" and any A > Q, there exists a smooth symplectic 
embedding {B'^{A),astd) {U,Ustd), where B'^{A) C is the disc of area A centred 
at the origin, and astd is the standard area form on (and on B'^{A) ). 

Proof. It is enough to construct a smooth embedding of B^^tt) into i?^"(27r) (where 
i?^"(27r) is the 2n-dimensional ball of capacity 2%, or equivalently, radius a/2, centred 
at the origin), such that the image is a symplectic curve having arbitrarily large 
symplectic area. An example of such an embedding is the map u : -B^(vr) — j- C" given 
by u{z) = {z^, z, 0, 0, 0), where /c G N is large enough. □ 
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Lemma 2.4. Assume that we have a smooth curvilinear quadrilateral of area A on the 
plane M.^, with sides 01,02,03,04 (written in the cyclic order), and let L C T*T"'~'^ 
be an exact section. Then in the symplectic manifold x T*T"'~^ (with the split 
symplectic form) we have 

^64(01 X L,a3 X L, 02 X L, 04 X L) = l/A > 0. 

Proof. The proof goes similarly as the proof of Proposition 12.21 (which is Proposition 
1.21 in jBEP] ). □ 

Proof of Theorem Consider a Darboux neighbourhood U C M. Choose 6' > 
small enough. By Lemma 12. 3[ there exists a symplectic embedding u : {B^(2P + 
36'),astd) {U,uj). Since u(i?^(2/^ + 35')) is a (contractible) symplectic disc, then it 
follows that it's neighbourhood in M is standard, and hence there exists e > 0, and 
a symplectic embedding (j) : {W = B'^{21'^ + 26') x fi2(e)x(n-i)^ _^ {M,u), where 
52 (2/2 + 26') X 52(e)^("-i) C is the product of a disc of area 21^ + 26' and n - 1 
copies of a disc of area e. Choose a curvilinear quadrilateral inside 5^(2/^ + 26') with 
sides 01,02,03,04 (which are given in cyclic order), and area l"^ + 6'. Then one can 
find a pair of smooth compactly supported functions /i,^i : -5^(2/^ + 26') M, such 
that ||{/i,^i}|| = 1, such that /i = on Oi, /i = / on 03, ^1 = on 02, ^1 = / on 
04, such that /i,^i ^ on 5^(2/^ + 26') and such that ||/i|| = \\gi\\ = I (construction 
of such /i,(7i is basically given in the proof of Theorem 1.20 in [BEPj ). Choose 
< pi < p < P2 such that 7rp2 < and choose a smooth function hi : B'^{e) — t- M 
such that its support lies inside the annulus -D^^ = {-^ ^ -^^(^) I Pi < kl < P2}, such 
that ^ /ii ^ 1 on B'^{e), and such that hi = 1 on = {z e B'^{e) \ \z\ = p}. Now 
define fi,gi:W-^R by 

fl{z,Wi, ...,Wn-l) = fl{z)hi{wi)...hi{Wn-l), 

gi{z,wi, ...,Wn-i) = gi{z)hi{wi)...hi{wn-i), 

for {z,Wi,...,Wn-i) G W, and then define /, (7 : M — > R by setting f = g = on 
M \ (f)(W) and setting /(0(x)) = /i(x), g{4>{x)) = gi{x), for any x G W. First note 
that /i = on oi X {Sl)''-\ /i = / on 03 x (S'^)"-\ c/i = on 02 x (S'^)"-\ and gi = I 
on 04 X (5*^)""^. Secondly, we have 

{/, g}i(i)iz, wi, Wn-i)) = {fi, gi}{z)hl{wi)...hl{wn^i) 

for any {z,Wi, ...,Wn-i) G W, and hence ||{/, f?}!! = 1- Also we have that f,g^Oon 
M, and that ||/|| = \\g\\ = I. Let us show that the constructed functions f,g satisfy 
(11. ip . provided that 6' is small enough. 

Let t > 0, as in the theorem. Then in case of t ^ | we have 

inf ||{F,G}||=0, 
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since we can take F = G = Now assume that t G (O, |). Then the upper 

bound in (11. ip follows from considering F = {l — j) f + jg and G = jf + {l — j) g. 
Let us show the lower bound. Let F, G : M — M be smooth compactly supported 
functions such that ||-F — /||, ||G — (^H ^ t. Choose a smooth function w : R — )■ M 
such that w{s) = for s G [— such that w{s) = / for s G [/ — t, / + t], and such 
that ^ (1 + for any s G M. Then the functions F' = woF,G' = woG 

satisfy ||{F',G"}|| ^ {1 + 6'f^^:^\\{F,G}\\. But moreover, we have that F'{x) = 
whenever f{x) = 0, F'{x) = I whenever f{x) = I, G'{x) = whenever g{x) = 0, and 
G'{x) = I whenever g{x) = I, for any x G M. Hence it follows that the supports of 
(j)*F\ (l)*G' lie inside the domain W = B^{2P + 26') x and we have 

that F' = on 0(ai x (^^)"-^), F' = / on 0(a3 x (S*!)"^!), G' = on 0(a2 x (^^)"-^), 
and G' = / on 0(a4 x (S"^)""^). We can find a symplectic embedding ip of W into 
X (T*^i)>^("-i) = M2 X r*T"~i (where T"~i = (5^)""^ is the {n - l)-dimensional 
torus), given as a product of maps, such that at the factor 5^(2/^ + 26') we have the 
standard embedding to (given by the identity map), and such that at each factor 
p^, the circle is mapped to the zero section of T*S^. Denote the push- forwards 
F2 = tlj,(j)*F' = F'o(j)o G2 = tp.(j)*G' = G'o(j)o /2 = tfjj, = f\ o 
92 = '^*gi = 9i° which are a priori defined on ipCW'), and extend them by to 
obtain functions on the whole x T*X""^. We have F2 = on ai x Lq, F2 = / on 
03 X Lo, G2 = on 02 X Lq, and G2 = / on 04 x Lq, where Lq C T*T"~^ is the zero 
section. Therefore in view of Lemma 12.41 we get 

(1 (r^Xmon ^ \\{F',G'}\\ = \m,G2}\\ 



J-2t^ 

^ Ppb4{ai X Lo, as X Lq, 02 x Lq, 04 X Lq) 



P + 6- 



and hence 



Since for 6' small enough we have ^j^_^_g,^f^^a_)_g/) > 1 — 5, we conclude the left hand-side 
inequality in (II. ip . □ 
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